We examine in ationary universe models driven by scalar elds with logarithmic potentials of the form V ( ) = V 0 p (ln ) q . Combining the slow-roll approximation with asymptotic techniques, we identify regions of the potential where in ation may occur and obtain analytic expressions for the evolution of the eld and the metric in these cases. We construct a family of exact solutions to the equations of motion with potentials resembling the above form and demonstrate their in ationary nature; de ationary and con ationary cosmological behaviours are also de ned and identi ed. Finally, a computation of scalar density and tensor gravitational perturbations produced by the model is presented.
Introduction
The notion of scalar elds driving an epoch of accelerated expansion has become a widely accepted element of many early universe cosmologies 1]. The in ationary paradigm resolves many of the shortcomings of standard cosmological models whilst o ering an explanation for the origin of structure in the cosmos 2] which is compelling and consistent with recent observations of the microwave background 3] . In the literature one may nd many mutations of this idea, invoking wide-ranging physical conjectures to generate the negative stresses required for a period of in ation in the early universe. The simplest of these assumes the presence of a minimally coupled self-interacting scalar eld with potential V ( ) evolving slowly in the presence of Einstein gravity 4 { 14] . Multi-scalar theories have also been widely investigated 15] as models of the corrections introduced to general relativity when the standard Einstein-Hilbert action is extended to include gravitational couplings 16, 17] or non-linear curvature terms 18] . Many of these extensions may be conformally transformed 19] to the simple canonical form of single eld models, making it important to develop a thorough understanding of the evolution and observable properties of in ationary universes containing single scalar elds.
Previous authors have investigated the consequences when V ( ) assumes constant 4], polynomial 5], exponential 6] or decaying power-law forms 9] . In a series of recent works we have analysed a wide range of more complicated potentials 12] in an attempt to catalogue the allowed behaviours of these universes and identify features which may be generic to all models. In this article we shall suppose that the universe underwent a phase during which it became dominated by a scalar eld possessing a potential of the form, V ( ) = V 0 p (ln ) q ; V 0 ; p; q constants : (1.1) Terms such as this appear in the Coleman{Weinberg potential for new in ation 20]. Here we shall study the analytic structure of approximate and exact in ationary universes arising from this family of potentials, and derive their observable properties. We shall focus our attention on the dynamics of the expansion scale factor of the universe a(t), the eld (t) and the resulting general properties of the slow-roll phase of the evolution. We will not address issues such as reheating or the exit from in ation in any detail since these features have no bearing on the functional form of the slow-rolling evolution. A full understanding of the forms of slow-roll in ation that can arise from potentials of the form of Eq. (1.1) allows us to complete the catalogue of behaviours that can arise in potentials which incorporate sums and products of powers, exponential, and logarithmic functions of .
In section 2 we introduce the equations and variables necessary to describe in ation and the spectra of gravitational wave and density inhomogeneities generated by it. In section 3 we nd the di erent varieties of in ation that can occur for potentials resembling Eq. (1.1) and classify the cosmological behaviours arising for all combinations of the constants p and q. In section 4, we give a number of new exact solutions of the Einstein equations which exhibit behaviour related to some of the approximate solutions classi ed in section 3. In section 5, we derive the spectra and relative intensities of the gravitational wave and density perturbations created by these forms of in ation, and the results are discussed in section 6.
Einstein's Equations
We study the dynamics of a universe described by the zero curvature Friedmann{Robertson{ Walker (FRW) metric with scale factor a(t) and time co-ordinate t in synchronous gauge. We de ne the Hubble expansion parameter to be H _ a=a, which couples to the material content of the universe through Einstein's equations. For a k = 0 FRW universe driven by a classical scalar eld these are (in units 8 M ?2 Pl = c = 1) + 3H _ + V 0 = 0 ; (2.3) where M Pl is the Planck mass, primes denote di erentiation with respect to the in aton eld and overdots represent derivatives with respect to t. V ( ) is the self-interaction potential characterising the particular form of scalar matter present.
Eqs. (2.1) -(2.3) form a second-order 1 , non-linear system in a and , which are insoluble in general, given V ( ). It is possible to make progress by reversing the direction of analysis to postulate a particular a(t) and infer the necessary form for (t), and hence V ( ), from Einstein's equations 10]. However, the resulting (t) must be invertible; if not, then one cannot deduce V ( ) analytically. A superior approach is to specify the solution by choosing the functional form of (t) and employing it to deduce H and V from Eqs. (2.1) and (2.2).
A good choice will ensure that (t) is invertible and that the rst integrals of Eqs. (2.1) and (2.2) may be calculated and so a(t) and V ( ) can both be found in closed form.
One cannot hope to obtain exact solutions for every conceivable form of scalar eld potential V ( ). In fact, there are very few soluble cases; as a consequence it is usually necessary to resort to the slow-roll approximation 21] which, in its simplest form, requires that the contraints (2.5) be satis ed. For reasons that will become apparent, we make a distinction at this stage and refer to these H-subscripted quantities as the Hubble Slow-Roll (HSR) parameters. The rst of these constraints is identical to the statement a(t) 0, and the second guarantees the validity of the rst for a prolonged period, justifying the application of this scheme to in ationary dynamics. Applying these conditions to Eqs. The form of V indicates that in ation will always occur at large , but never when is small or close to unity. We shall nd that there are solutions in which a > 0 and _ a < 0 and we refer to these spacetimes which experience deccelerated contraction as \con ationary".
We also note the class of behaviours which begin (as t ! ?1) in an in ationary state and subsequently cease to in ate ( V < 1); we shall call these models \de ationary" 22].
Approximate Solutions
In the absence of a general exact solution we now employ Eqs. (2.6) { (2.8) (t 0 ). Although we are not able to evaluate I(p; q) for arbitrary p and q, we may proceed approximately within discrete regions of the (p ; q)-parameter space. We rst determine the form of I(p; q) at large (i.e. large ) by means of asymptotic techniques 23].
The qualitative behaviour of the class of potentials de ned by Eq. (1.1) and its dependence on the choice of p and q is displayed in Fig. 1 . The qualitative structure of the solutions and their corresponding domains of validity in (p; q)-parameter space decompose somewhat di erently as follows: (3.8) Feeding this result back into the logarithm in Eq. (3.7) we obtain the second-order approximation, which at large becomes (t) = (?p) (3.9) Knowledge of (t) now enables us to calculate the full time evolution of the system. Using Eq. (3.9) (3.14) Asymptotically, Eqs. (3.13) and (3.14) converge, independent of the positivity or integer ; (3.24) and by the methods of the previous sections we solve for the full asymptotic time-dependence of the system, (3.27) valid when p = 4 and q 6 = 2 as ! 1. For the extrema of t we nd that as ! 1, t ! ?1 when q < 2 and t ! 0 when q > 2. Without the need to resort to asymptotic analysis, we obtain (t) = exp (4.4) We are now presented with three qualitatively di ering classes of behaviour, dependent upon the sign of (n ? 1)=n. From Eq. (4.4) we can see immediately that in models where 1=n is not an even integer, exchanging $ ? maps between in ationary and con ationary solutions.
4.1 The Case (n ? 1)=n > 0 (n > 1 or n < 0) When (n ? 1)=n is an integer (i.e. n < 0), we have an exactly integrable system. Eq. (4. The potential in Eq. (4.10) , and H as derived from Eqs. (2.4) and (4.11) are displayed in Fig. 2 . To ensure V ( ) > 0 as required for in ation, we have con ned our interest to the domain > 0. Although V ( ) and H are independent of the sign of this is not the case for the remaining dynamical quantities. When < 0 the eld rolls from = 1 at t = 0 to = A as t ! 1 and from either of Eqs. (4.9) and (4.11) we see that H > 0 for all and t values and the universe is expanding. Examination of the form of H reveals that when A < 2:4 the evolution is intially in ationary, temporarily de ating as the universe becomes kinetic-dominated, before re-in ating in the nal stages of the evolution as ! A. This double-in ation feature is not generic; when A > 2:4, H < 1 for all ; t. The scalar curvature, R = 12(H 02 ?H 2 ), is singular at t = 0 in this model and approaches the constant R = ?3A 4 =16 2 at late times. It also contains a maximum, the height and position of which are determined by the values of A and .
When > 0 the eld starts at = 0 and rolls asymptotically to = A. H is always negative in this case and the system describes the dynamics of a collapsing universe. The HSR parameter H is invariant of the sign of and so we have the possibility of two con ationary epochs when A < 2:4. The Ricci curvature R in this case is initially zero, passes through a maximum and tends to R as t becomes large.
As a nal observation, regarding this case we note the approach of the potential to the form of Eq. (1.1) at large since V ( ) ! 3 4 (ln ) 4 =16 2 as ! 1, and its tendency toward a simple polynomial form as ! A.
4.2 The Case (n ? 1)=n < 0 (0 < n < 1) Once again, the solution is only integratable if (n ? 1)=n is an integer, i.e. 0 < n < 1; we now explore this possibility. Eq. The -dependence in Eq. (4.13) may be converted into a time dependence using Eq. (4.1) : (4.16) As a simple example of these models we study the special case n = 1=3 i.e., (n?1)=n = ?2. (4.20) Although these models are all in ationary in the limit as ! 1, the potentials driving them only resemble the form of Eq. (1.1) at small and it can be seen from the plot of H for these theories in Fig. 3 that the evolution is non-in ationary in this limit. Despite this, the interim behaviour between = A and = 0 has a particularly interesting structure.
From Fig. 3 we see that H contains a pronounced minimum when 0 < < A and one can show that when A > 11:55, H ( min ) < 1; indicative of accelerated behaviour in a.
b. the trough of the minimum. If we con ne our attention to models in which > 0, then H > 0, and the universe expands from a curvature singularity as the eld rolls from = A at t = 0 to = 0 as t ! 1. This model encompasses both the beginning and the end of the in ationary regime and is exact. In ation here is a transient phenomenon, arising naturally as _ decays from its initially kinetic-dominated state and ending once _ becomes large again.
The form of V ( ) in this case is reminiscent of the potential for intermediate in ation   9 ], as may be seen from Fig. 3 . As the eld approaches = 0 the potential approaches zero much faster than in any intermediate in ationary scenario and this serves to halt in ation after nite duration. (4.24) When is positive, the universe expands from a curvature singularity at t = ?1, displays slow-rolling in ation until a time t = 1 2 ln A 2 8 , and then tends to the static Minkowski form as t becomes large. This is an example of a de ationary universe, asymptoting to a Friedmann model with a constant scale factor. For negative this scenario runs in reverse, collapsing from maximum extent at t = ?1 to become con ationary at t , before ending in a \big crunch" as t ! 1.
Observable Properties
In ation o ers an attractive mechanism to generate perturbations that may have seeded the formation of galaxies and large scale structure observed in the present day universe.
The current theory of the magni cation of quantum mechanical uctuations and their subsequent growth upon horizon re-entry via gravitational instability has been extensively examined 2]. We quantify the scale dependence of scalar and tensor metric perturbations in terms of the spectral indices n s and n g respectively. During slow-roll in ation we may express these quantities as expansions in terms of the PSR parameters and to rst-order we obtain 2], 1 ? n s = 6 V ? 2 V ; (5.1) n g = ?2 V ; (5.2) R l = 25 2 V : (5. 3)
The second-order corrections 25] to these results are cumbersome and not particularly illuminating and so we will not introduce them here. Furthermore, one may show that the extension to the domain of validity of the results o ered by the second-order corrections is small, justifying a rst-order analysis. Since the PSR parameters are deemed to be small during in ation, the generic predictions should be n s 1, n g R l 0. and there are obvious simpli cations when p = ?2; ?1; 0 and q = 0; ?2. The form of these expressions con rm that we always observe slow-rolling in ation at large and the values of the observables become asymptotically indistinguishable from the pure de Sitter case in this limit. When is smaller, however, it becomes possible for n s to deviate from unity, and for the gravitational wave contribution to the perturbation spectrum to become large.
We also note that when ?2 < p < 0, n s can rise above unity, introducing additional power at small scales in a manner akin to intermediate in ation 9]. This can occur whenever H > 3 H and arises as a result of slow-roll evolution that is not friction dominated, i.e. when _ 2 is small, but j j is allowed to vary. In these cases we note the restriction n s < 1:5, based on estimates of the overproduction of primordial black holes in such a scenario 26].
The models presented here make no provision for a natural end to the in ationary epoch, and for this reason it is not possible to invoke constraints on p and q from the requirement of minimum expansion, or that the reheating temperature be large enough to allow baryogenesis to occur 1]. Despite this, bounds may be placed on the energy scale, V 0 , at which in ation occurs 27], rstly by enforcing the consistency relation for our classical analysis, 3H 2 ( ) < M 4 Pl , and more importantly by demanding that the predicted = be consistent with the CMBR quadrupole anisotropy, = ' 2:3 10 ?5 , as measured by the COsmic Background Explorer (COBE) satellite 3].
Conclusions
In this article we have studied a number of exact and approximate in ationary universes, obtained as solutions to Einstein's equations when one postulates a form for the in aton potential resembling Eq. (1.1). We have derived the functional form of the spectral indices arising in this case and have indicated how further constraints can be imposed by comparison with observations. We show that when the potential also contains terms of the form li( 2 ) one may obtain exact solutions interpolating smoothly the epochs of initial kinetic-dominated expansion, potential-dominated in ation and late-time Friedmann like expansion. This extends the de ationary universe models of 22] to include cases in which the initial evolution is non-in ationary. Generally, however, the solutions are not complete in this way and are only meant to describe evolution on the nite portion of the real potential where in ation occurs. The mechanism by which the universe exits the in ationary epoch and enters the reheating phase is not treated here, instead we have sought to classify the possible ways in which an in ationary universe containing a slow-rolling scalar eld with a very general potential may behave. Our results complete a library of solutions for the evolution of slow-rolling scalar eld universes when the potential is a combination of logarithms, powers and exponentials of the eld 12, 14] and are summarised in Table 1. Other variants, consistent with slow-rolling, may be obtained by using these results in conjunction with the methods described in 14] to e ect transformations of known in ationary solutions which introduce new functional dependences while preserving the slow-roll nature of the solution. The nal entry in Table 1 was obtained in this manner and the full solution is presented in Appendix 1. 
